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Abstract

We propose a theory of the lethality of epidemics which conforms to the classical
Weibull model of the statistical strength of brittle structures which contain a popula-
tion of crack-like defects. A relation between the probability of developing a critical
pathology and the risk of death is adopted in the same manner that the mechanical
strength model correlates the statistical spatial distribution of crack size to the risk of
fracture at a prescribed stress level. The fracture toughness criterion that determines
the onset of catastrophic crack propagation in the structure suggests a death criterion
that considers the health system’s capability of treating the disease. Our theory relies
upon a renormalization of the life-time that assigns the elderly a higher probability of
developing a critical pathology. The theory predicts scaling laws for the age of death
which are in agreement with the data collected in the Italian regions and provinces
before and after the spread of COVID-19. A ”strength index” of the epidemic is defined
and calculated by categorizing the mortality data, according to the victims’ age, from
comparable periods of observation in both pre-epidemic and epidemic conditions.
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1 Introduction

The purpose of this article is to show how consolidated models in mechanics, in particular in
the stochastic mechanics of brittle materials, may give ideas for research in a very different
area of speculation in order to quantitatively define, on a statistical basis, the effects of
epidemics. The mechanical model, governed by similar equations, will allow to establish an
intuitive correspondence between concepts well known to engineers, such as the stress state
in a body, with other quantities, like the lethality of the epidemic. The comparison with
the experimental data, which in this case are the current statistics of mortality in Italy in
this period of Covid-19 infection, indicates the reliability of the proposed approach, with
its potentialities and limitations. Indeed, since in the western world the epidemic from
Covid-19 has spread in Italy first, the Italian case represents a paradigm for many other
countries.

Mathematical models have been used for almost a hundred years in epidemiology. In
their celebrated seminal work Kermack and McKendrick [1] proposed the Susceptible-
Infectious-Recovered (SIR) model, detailing how a virus is transmitted from an infected
person to a healthy one [2, 3]. Their ingenious ideas have been developed, modified and
widely adopted [4, 5, 6, 7, 8, 9, 10], also within a probabilistic framework [11]. Our ap-
proach is complementary since we propose a new way to quantify the strength of an epidemic
starting from a particular statistical treatment of measurable mortality data in a certain
territory, within a given period of observation, which necessarily must consider the age of
the victims. The paramount role of the demographic structure in the prediction of the ex-
pected number of deaths has been confirmed by recent studies [12], as the division by age is
more important than the structure of families [13] in the analysis of the social contacts that
influence the spread of a virus [14]; social distancing and other policies to slow transmission
should always consider the age composition of local and national contexts.

In 1939 Weibull [15] proposed a theory of the strength of a structure made of a brittle
material based on the idea that it contains inherent flaws of random spatial distribution,
shape and size. The risk of fracture at a prescribed stress level is therefore determined by
the probability that a large-enough defect exists which will propagate catastrophically at
that level of stress. The flaw shape is typically assumed to be a flat slit (crack) of size δ.
If σ denotes the component of stress normal to the crack plane, the toughness criterion of
Linear Elastic Fracture Mechanics (LEFM) dictates that the crack will grow catastroph-
ically (in mode I) when the so-called Stress Intensity Factor KI = Y σδ1/2, where Y is a
constant determined by the geometries of structure and crack, reaches the characteristic
material’s fracture toughness KIc [16]. The Weibull model conceptualizes the structure
as a chain comprised of equally stressed links, and whose resistance to fracture is limited
by the strength of the weakest one. The expected strength is therefore a decreasing func-
tion of structural size (size-effect [17]), because as the length of chain increases there is a
concomitant increased probability of the presence of a weak link.
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The fight against epidemics requires a multi-disciplinary approach involving integrated
cycles of prevention, response and recovery to support epidemiology [18]. The Weibull
theory of structural strength suggests the possibility of formulating a statistical theory that
quantifies the “strength” of an epidemic, where strength now refers to a precise quantitative
measure of the lethality that results from the pathologies developed in individuals. Towards
this end, it is first necessary to define what is the counterpart, in the infected human
body, of the size of the stressed structure (the length of the chain), now associated with
the probability of developing pathologies that are critical for the level of epidemic. This
correlation, which is informed by existing epidemiological models, will be made with the
age of the individuals which, however, needs be renormalized in order to take into account
that the old have a higher probability than the young to develop severe pathologies. Such
a renormalization, which depends upon genetics, quality of life and efficiency of the health
system, is calibrated starting from mortality data in pre-epidemic conditions.

An index of epidemic Ie is thus defined to measure its strength, starting from the the-
oretical modelling of the probability of death as a function of the severity of the epidemic
and the renormalized age of individuals. The index is calculated from the excess mortality
rates with respect to pre-epidemic conditions of previous years, which are considered [19, 20]
the most reliable (and least-assumption laden) records of the effect of the epidemic, rather
than the number of infected that is difficult to determine. The accurate estimate of Ie over
time and place is useful to follow the diffusion of the virus, to recognize the emergence
of autonomous outbreaks but, even more so, to timely define appropriate countermeasures
such as lockdown (prevention of spread), and to decide when, where and how to loosen the
countermeasures (management of the epidemic). The theory is applied to the case of Italy.
The index Ie has been calculated by comparing weekly and monthly mortality tables for
February-April 2020 with the same periods of previous years. Considering territories of dif-
ferent size (regions and provinces), we estimate the epidemic flow over time, the emergence
of autonomous outbreaks and the effect of the imposed lockdown. Monitoring the evolution
of the index may be useful to manage the phase of recovery in the next future.

Are there other ways to measure the strength of the epidemic? Our experience in Italy
indicates the use of the “crude” ratio between the number of deaths in epidemic and pre-
epidemic conditions [21, 22, 23], but if we let ourselves be guided by a theory, we are led much
further than where qualitative reasoning and empirical laws, based on data manipulation,
could bring us, thanks to the formulation of precise equations and the definition of a single
index, which accounts for the specific effects on the elderly and our capability of treating the
disease. Our findings do not contradict the results of the observations; indeed they seem
in perfect agreement with the statistical data relating to the deaths occurred in various
territories of Italy as a consequence of the development of Covid-19, territories that are very
different in terms of expectancy of life and diffusion of the virus. The simple comparison
of the number of dead does not consider the demographic structures and consequently, as
it will be verified, weights the deaths in an undifferentiated way, without being able to
attribute a specific correlation with the effects of the epidemic.
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In order to consider the problem mathematically, we start from hypotheses that, al-
though moving away from the complex reality, should provide a sufficiently approximate
view of the phenomenon. The basic results from the theory are presented in Section 2(a),
whereas the mathematical calculations are detailed in Section 3(a). The representation will
certainly be coarse but, if it is simple, it will be possible to conveniently apply the calcula-
tion and to check quantitatively, or at least qualitatively, if the obtained results correspond
to the measured data and, therefore, verify the validity of the starting hypotheses. The
comparison of the theoretical predictions with the mortality tables in Italy is illustrated in
Section 2(b), while the precise way in which the data have been manipulated is indicated
in Section 3(b). The agreement so far obtained is very promising. Although further studies
are certainly needed to demonstrate whether the knowledge in materials science can be
conveniently borrowed in the broad field of epidemiology, and viceversa, we are confident
that new results can only be achieved with mutual interdisciplinary progress.

2 Results

(a) The theoretical framework

We start from the assumption that the life of a person is as a chain composed of life-segments

that represent the rings in the chain analogy. The number of rings is successively increased
to reflect the aging process, as rings represent potentially critical flaws. One may consider
that a life-segment is a solar year of age, or submultiple, but this view is too simplistic.
“It is mathematically demonstrable that the concept of time is closely related to age: time

passes faster for old people”. This quote, by the American writer Alvin Toffler (1928-2016),
introduces the idea that the usual life-time unit, e.g. the solar year, cannot indicate the
reference scale to measure the aging process throughout the whole of human life. If a life-
segment represents the nominal unit associated with one spot where potential damage may
develop with equal probability, the number of life-segments contained in one solar year of
age should be higher for an older individual than for a younger one.

Let ∆An denote the reference nominal life-segment. The real age Ar, expressed in
number of solar (real) time-segments ∆Ar, is rescaled to the nominal age An, equal to the
number of ∆An, through a renormalization group, expressed by An = F (Ar). Elaborating
the data on mortality recorded in Italy, we are led to consider a function F (Ar) of the form

An = F (Ar) = Ar + 〈Ar − 45〉γ1+ + 〈Ar − 70〉γ2+ , γ1, γ2 > 0, (2.1)

where Ar and An are expressed in number of solar and nominal years, respectively, and
〈·〉+ denotes the positive part function1. Hence, there are two step-changes in life, the first
at 45 and the second one at 70 solar years of age, beyond which, roughly speaking, “each

1This takes as input any real number and outputs the same number if this is non-negative, 0 otherwise.
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year counts more”. The renormalization An = F (Ar) may depend, among other factors, on
race, genetic heritage, environmental factors, quality of life, efficiency of the health system,
and gender (male or female); it is assumed to be valid, on average, within a homogeneous

ensamble.

The probability of death, with reference to a given period of observation ∆t correspond-
ing to the time interval in which mortality is monitored, is represented by the probability
of developing in ∆t a pathology that is critical for the level of epidemic. Such probability
shall be higher for the older, according to the nominal age. The approach presumes the
definition of variables measuring the level of pathology and epidemics, for which balance
equations will be established on a statistical basis. Referring to Section 3(a) for the detailed
calculation, here the basic results are synthetically reported.

We suppose that the severity of the pathology is synthetically measured by one variable
δ. The probability of developing pathologies is defined for each nominal life-segment (i.e.,
in each potential damage spot), statistically treated as independent of other life-segments.
Since serious pathologies (high δ) are less probable than mild pathologies (low δ), we consider
a law à la Pareto as per (3.1) in Section 3(a), expressed by the probability density function
p∆A(δ) ∝ δ−α, with α > 1, of developing δ for each nominal life-segment. The statistical
calculations provide the probability of developing δ in the whole nominal life An, composed
of An/∆An life-time segments, in the form

P≥
An

(δ) = 1− exp

[

−An

(

δ

η

)1−α
]

, (2.2)

where η > 0 depends upon a physiological minimal level of pathology in each ∆An, which
has to be assumed to enforce a finite lifetime. Notice that probability increases with An

because the higher is the number of life-segments of the individual, the higher the risk of
developing pathologies.

We further postulate that the severity of epidemics is measured by another variable σ:
the higher is σ, the lower is the pathology δ necessary to cause death. In the simplest case,
we assume the LEFM-like [16] death criterion

Y σ δ1/β −KIc = 0 ⇒ δ =

(

KIc

Y σ

)β

, (2.3)

where Y is a dimensional constant andKIc depends upon human physiology. The parameter
β > 0 models our capability of treating the disease with effective treatments: all other
parameters being equal, the higher β, the higher the deadly pathology.

Substituting in (2.2), the probability of death as a function of σ and the real age Ar

reads

PD(Ar, σ) = 1− exp

[

−F (Ar)

(

σ

η0

)m]

. (2.4)
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This is a two parameter Weibull distribution with shape-parameter m = (α − 1)β and
scale-parameter η0 = KIc/(Y η1/β). Note that both are independent of σ, which represents
the only variable describing the severity of the epidemics. The nominal age An = F (Ar)
determines the “size-effect” consequent to the fact that the higher is the number of life-
segments of the individual, the higher is the risk of death.

In the mechanics of brittle materials [24], the counterparts of δ and σ are the size of the
cracks and the stress level [25, 26], respectively. The death criterion recalls the toughness
criterion in LEFM [16], for which β = 2. The nominal life represents the size of the material
body, which affects the probability of failure since the higher it is, the higher is probability
of finding a crack of critical size with respect to the applied stress, according to classical
LEFM.

In order to measure the strength of the epidemic, observe that (2.4) may be written as

ln ln

[

1

1− PD(Ar, σ)

]

= ln[F (Ar)] +m ln

[

σ

η0

]

, (2.5)

which represents a straight line in the ln ln{[1 − PD(Ar, σ)]
−1} − ln[F (Ar)] plane. Its

intercept with the ordinate axis provides the value of m ln[σ]−m ln[η0], where both m and
η0 do not depend upon σ. This plane somehow represents the counterpart, in this theory,
of the Weibull plane [15], commonly used to interpret the strength of brittle material on a
statistical basis and, because of this, it will be referred to as the epidemic Weibull plane.
This representation is very useful because it allows a direct control of the reliability of the
theory: one can collect statistical data on mortality and directly verify if they fall aligned
in this plane.

Our aim is thus to compare a statistically-representative sample under “ordinary” (pre-
epidemic) conditions and after the infection from Covid-19 (epidemic condition). No one
can say what is the value of σ in pre-epidemic condition; certainly, it is not associated with
Covid-19 but rather to other kinds of mild epidemics (for example, seasonal flu). However,
it cannot be zero, otherwise the probability of death would be null. For a comparative

evaluation, without loosing generality, we set σ = 1 in the pre-epidemic state.

Hence, from the analysis of the mortality data in pre-epidemic condition one can find
the best-fit line in the epidemic Weibull plane and, setting σ = 1, from the intercept, one
finds −m ln[η0]. Repeating the same argument for epidemic conditions, one obtains m ln[σ]
since −m ln[η0] is now known.

The “index of epidemic” should be a quantity directly measurable from mortality data
that increases with σ. A parameter with such a property is

Ie = 100 · ln[σ]

ln[η0]
, (2.6)

where both ln[σ] and ln[η0] are positive and the factor 100 is introduced to render the
numbers easier to read. In pre-epidemic (ante Covid-19) condition Ie = 0 because we have
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set σ = 1; we expect σ > 1 and Ie > 0 in acute states of epidemics. Such index, independent
of m, also accounts for our capacity of curing the illness because it decreases with increasing
β, the parameter introduced in (2.3), which enters into η0 defined in (2.4). It should be
observed that σ could be less than one when the mortality in the period under analysis
is milder than in the corresponding period in pre-epidemic conditions. In this particular
case Ie may attain negative values, which should not be surprising since this is an index
of comparison between two configurations, and does not have an absolute significance from
the way it is calculated.

(b) Application to the Covid-19 epidemic in Italy

In Italy, positivity to the Covid-19 of two Chinese tourists was recorded on January 30th,
while contagion officially started in February 21st-22nd. According to the Italian Ministry
of Health, deaths increased from 29 on February 29th, to 12428 at the end of March. Using
published data, we start by analyzing 16 Italian regions, considered as homogenous boxes,
geographically located as in Figure 2(a). Northern Italy is reputed the most infected zone;
in southern Italy the infection is mild; central Italy is in-between. The remaining regions
(Basilicata, Molise, Calabria, Sardegna) are not analyzed because their mortality from
Covid-19 is almost null, at least so far. The period of observation ∆t is an interval of time
that will be chosen within a two-month period of March and April: our results will in fact be
obtained by processing the data of the deaths occurred in a time interval, variable according
to the type of analysis, included in the period March-April 2020 and in an analogous interval
in previous years.

We can then calculate the index of epidemic Ie on a regional basis. Setting March as
the period of observation, the renormalization An = F (Ar) in pre-epidemic conditions is
calibrated from the statistical analysis of the number of dead, sorted by age, in March
of the years from 2015 to 2019, and doing the average. These data are published online
by the Italian National Institute of Statistics (ISTAT) at https://www.istat.it/it/archivio
for many Italian municipalities, which have been grouped by region of origin. The total
population at the beginning of March is available online at http://demo.istat.it, together
with the demographic structure for each solar year. Population and number of dead were
categorized by age by considering nine sets for Ar = {0−10, 10−20, . . . , 80−90, > 90} solar
years of age. Within the i−th set, the probability of death is nD

i , i.e., the ratio between the
number of dead and peer population. Then, the average probability of death in the period
2015-2019 is calculated for each i−th set. To pass from the histogram to points on a graph,
we consider the age at the center of each interval (5, 15, . . . , 85) and 100 for ages higher
than 90 solar years. The distribution of (2.4) provides the theoretical scaling between the
probabilities of death at any two real ages Ar,1 and Ar,2, to be compared with measured
data. In all the considered regions, the assumed form of renormalization of (2.1) proved
accurate. Equating the measured and expected probabilities at one point Ar,2, chosen to
be Ar,2 = 45 because, here, Ar,2 = An,2, we calibrate γ1 and γ2 of (2.1). The results of the
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Figure 1: Region Lombardia. Graphical regressions in the epidemic Weibull plane ln ln{1/[1 −
PD(Ar, σ)]}− ln[F (Ar)] of the probability of death PD(Ar, σ) as a function of the renormalized age
An = F (Ar). Comparison of the measured points (dots) and their linear interpolation in the epidemic
Weibull plane according to the theory. (a) Conditions ante Covid-19 (σ = 1) in March (average of
years 2015-2019); (b) Epidemic period of March 2020. The numbers above the dots indicate the
solar years of age they refer to. Points corresponding to 5, 15, 25, 35 solar years of age are strongly
sensitive to small variations in the number of deaths, which may derive from non-epidemic causes
not considered by the theory.

calibration are detailed in Section 3(b) and recorded in Figure 4.

Passing to March 2020, at https://www.istat.it/it/archivio one finds the number of
deaths sorted by age. Since only population, but not the demographic structure, is recorded
at http://demo.istat.it, we assume the this is equal to that for the year 2019. The theoretical
model predicts that the parameters γ1 and γ2 do not vary, since all the effects of the epidemic
are gathered in the parameter σ in (2.4). The fitting with the experimental points confirms
this finding, with very good approximation.

In order to calculate the index Ie we use the graphical construction in the epidemic

Weibull plane. Figures 1(a) and 1(b) show the measured points and the best-fit line in
Lombardia in March 2015-2019 (pre-epidemic) and March 2020 (epidemic), respectively.
The comparison demonstrates that the model excellently predicts the deaths in the middle
and old ages. The approximation of the left-hand-side tail can be attributed to the fact
that the number of dead is quite limited for the younger, so that even a small variation
can provide a noteworthy deviation from the linear trend. It should be recalled that the
deaths at a young age often occur from non-epidemic causes, such as road accidents, drug,
homicides, which cannot be covered by our theory.

For the 16 considered regions, the values of the measured probability of death PD(45, 1),
the calibrated coefficients γ1 and γ2, and the calculated quantities m ln[η0] and m ln[σ] are
recorded in Table 3 of Section 3(b). The index of epidemic has been calculated from
(2.6) and the results for the month of March are shown in the histogram of Figure 2(b).
Unfortunately, the index for the month of April could not be calculated with this procedure
that relies upon raw mortality data, because, at the time of this writing, such data are not
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available for periods after April 15th 2020.

It may be of interest to make a further analysis by considering that the Italian author-
ities have also released the number of deaths attributed to Covid-19 only. It is difficult,
in our opinion, to unambiguously sort out such data: for example, the press reported
that many elderly people died in retirement homes without having been tested for the
virus. In any case, we tentatively assume that the total number of deaths in the period
of observation in epidemic condition is the sum of the number of dead in pre-epidemic
condition and those officially attributed to Covid-19 by the Italian institutions. How-
ever, such data are reported for the whole region and not for each municipality. In pre-
epidemic condition, the number of deaths in each region are sorted by age on a yearly
basis (see https://www.istat.it/it/archivio). Hence, the number of deaths for each i−th
age set is now obtained by multiplying the percentage recorded in the mortality tables
referring to the whole solar year by the total number of dead in March, both available at
http://demo.istat.it. Moreover, since the mortality tables for the 2019 are not yet available,
reference is made to the average of the years 2015-2018. Passing to March 2020, the deaths
from Covid-19 are sorted out by age using the percentages attributed to each age class for
the whole nation, published by the Italian National Institute of Health (ISS) on May 4th

2020 (https://www.epicentro.iss.it/coronavirus), as shown in Figure 7(a) of Section 3(b).
The same procedure can be repeated also for the month of April, for which similar data are
available. The resulting Ie for the 16 considered regions is again represented in Figure 2(b).

The actual data that shall be used for the model calibration are those corresponding
to March 2020 and labelled in Figure 2(b) as “raw mortality”. The most infected region
is Lombardia followed, at a distance, by Emilia Romagna. The epidemic is milder in the
central Italy, except Marche, where Ie is much higher than in Toscana and Umbria. South
of Lazio the infection is very limited. This is probably because here the epidemic developed
later than in the North, so that the lockdown countermeasures, simultaneously imposed on
the whole national territory, were more effective. Remarkably in Lazio, Umbria, Campania,
Sicilia the Index even reaches a negative value: this means that the severity of epidemic,
quantified by the parameter σ, is even less than in previous years. Indeed, we anticipate
that in such regions the number of dead in March 2020 has been less than in previous years.

It should be observed that the values reached by Ie by considering raw mortality data are,
apart from Valle d’Aosta, much higher than those calculated by summing up the number
of dead officially attributed to Covid-19: for example, in Piemonte it is almost double.
According to this theory, this may be an indication that the number of deaths from Covid-
19 could have been significantly underestimated. We may mention that the mayors of many
municipalities in Italy have repeatedly complained in newspapers that the official death toll
for Covid-19 was much lower than the difference between the death toll in March 2020 and
in past years. On the other hand, there are regions where Ie calculated from raw mortality
data is negative, but it becomes positive when considering the number of dead officially
attributed to Covid-19: obviously, if one sums up this number to the number of dead in
previous years, the mortality cannot but increase.
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Figure 2: (a) Geographic location of the various Italian regions under investigation; (b) values of the
index of epidemic Ie in March 2020 and April 2020, under the acute phase of Covid-19. Comparison
between the values of the index obtained by analyzing the raw mortality data provided by ISTAT
for March 2020 and by manipulating the official data of deaths attributed to Covid-19 by the Italian
institution (official Covid-19 ), available also for the month of April.
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Nevertheless, waiting for further data, one may estimate the evolution of the epidemic
by comparing the values of Ie, calculated on the basis of the official number of Covid-19
deaths, in March and April 2020. The index for Lombardia remains almost unchanged in
April, while it sensibly grows in Piemonte, Trentino Alto Adige and Valle d’Aosta, where
it becomes higher than in Emilia Romagna. In general, Ie is the highest in Northern Italy,
with Veneto and Friuli Venezia Giulia the less infected. In Lazio, Umbria, Campania,
Sicilia the Index slightly grows, achieving positive values.

Are there other ways to estimate the strength of the epidemic? To the best of our
knowledge, it is customary to consider that a representative indicator is represented by the
ratio between the number of dead under epidemic and in previous years. Table 1 reports
the values of Ie in March 2020, calculated from raw mortality data, and the values of
R = Nd,20/Nd,15−19, where Nd,20 and Nd,15−19 are the number of dead in March 2020 and
the corresponding average in the years 2015-2019, respectively. Of course Ie and R cannot
be compared one another within the same region, because they are associated with different
in type quantities; however, they can be compared in relation to different regions. Observe,
in any case, that R < 1 means that the number of deaths in March 2020 has been less than
in the same month of previous years; correspondingly, the index Ie becomes negative.

The indicator R can certainly provide significant information about the effect of an
epidemic, but it is not accurate, in our opinion. In fact, the distribution of dead by age
and the demographic structure of the population play a role of paramount importance in
the evaluation of the diffusion of the epidemic in a certain territory. Compare, for example
the results for Trentino Alto Adige and Liguria: the difference in R is mild but the index
Ie in Trentino is almost double than in Liguria. This is principally due to the different
demographic structure between the two regions: Trentino Alto Adige is a relatively “young”
region, where about 73% of people are younger than 60, while this percentage drops to 65%
Liguria. The present theory makes a distinction between the deaths among the elderly
and the young people, associated with the greater attitude of the former ones to develop
potentially lethal pathologies under epidemic. In other words, a variation in the number of
deaths in the elderly is recognized as a more tangible sign of the effects of an epidemic than
an equal variation in the young people. Our theory somehow recognizes that the increase
of deaths in Trentino have occurred in a restricted part of the population, i.e., the oldest
part, while this datum is smeared on the whole population if one considers the indicator R.
The same trend can be appreciated also for other regions while analyzing the numbers in
Table 1.

It should be mentioned, however, that the epidemic focused on restricted outbreaks
within each region. Hence, we now calculate Ie in smaller representative territories, in-
cluded in the 9 Italian provinces shown in Figure 3(a). The calculations are made on a
weekly basis from February 23th until April 11st, using the same raw mortality data re-
leased by ISTAT and available at https://www.istat.it/it/archivio and http://demo.istat.it
for the years 2015-2020. The procedure is the same used for the regions. The extension of
the territories investigated and how data have been processed are presented in detailed in



12 G. Pisano & G. Royer Carfagni

Table 1: Values of the index of epidemic Ie in March 2020 and comparison with the indicator
R = Nd,20/Nd,15−19, where Nd,20 and Nd,15−19 are, respectively, the number of dead in March
2020 and the mean number of dead in the same month of the years 2015-2019. Raw mortality
data released by ISTAT.

Abruzzo Campania Emilia R. Friuli V.G. Lazio Liguria Lombardia Marche

Ie 0.495 -0.545 3.452 0.377 -1.093 1.821 6.515 2.662

R 1.087 0.981 1.677 1.098 0.919 1.502 2.880 1.511

Piemonte Puglia Sicilia Toscana Trentino A.A. Umbria Valle d’Aosta Veneto

Ie 2.177 0.282 -0.651 0.696 2.844 -0.037 1.865 0.949

R 1.470 1.086 0.973 1.138 1.643 1.069 1.585 1.245

Section 3(b). Values of Ie are plotted against time in Figure 3(b).

Although first official contagions were recorded on February 21st− 22nd and taking into
account that the incubation time (about two weeks) and the course of the disease, the index
in Lodi, the first infected province, was already high (Ie ≃ 3.8) in the week 23-29/02. It
increased one week after (Ie ≃ 6.79), also affecting the neighboring Cremona, Piacenza and
Brescia. However, it grew even more in Bergamo (Ie ≃ 4.62), although Bergamo does not
border Lodi. Even in Pesaro-Urbino, which is 360 km far away from Lodi, Ie reached quickly
very high values. Presumably, independent outbreaks developed here and in Bergamo.

The Italian government imposed the national lockdown on 9th March, but, on February
24th, ten municipalities in the province of Lodi and one in Padova had already been preven-
tively quarantined. This justifies why Ie decreased first in Lodi, after the peak in the third
week of March (Ie ≃ 11.44), but it continued to increase in Bergamo, Brescia, Cremona.
In Bergamo Ie exceeds the Lodi peak, achieving the dramatic value Ie ≃ 13.6. Padova in
Veneto was officially considered one of the first heavily-infected provinces, but this is not
confirmed here, probably because the localized outbreak was promptly quarantined. Indeed
Veneto is one of the less infected regions in the North, probably because of very effective
countermeasure organized by the local authorities. Milano city has been officially consid-
ered highly critical, but the virus developed later than in the other provinces of Lombardia,
and this is why national lockdown prevented the index from reaching very high values.

3 Methods

(a) The statistical theory

The starting point of the theory is the renormalization of the real age Ar to the nominal
age An through An = F (Ar), to be considered valid on average within a territory reputed
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Figure 3: (a) Geographic location of the capital city of the considered Italian provinces and of Milano
city. (b) Variation of the index of epidemic Ie per week, from February 23rd to April 11st 2020. Raw
mortality data released by ISTAT. Pre-epidemic conditions refer to average mortality in the same
weeks in previous years (2015-2019).

homogeneous. A particular type of renormalization law is that in (2.1).

The severity of the pathology that an individual can develop is measured by one vari-
able δ. The model could be readily generalized by introducing additional parameters and
following the same rationale. The analysis is referred to a given time interval of observation
∆t, representing the time in which mortality is monitored. The statistics to be used refer
to this observation time.

We then introduce a statistical law à la Pareto, of the type

p∆An
(δ) = C∆t δ

−α ,with α > 1 . (3.1)

This represents the probability density function for the development of the pathology δ in
the observation time ∆t, associated with the renormalization length-scale for human aging
represented by the single life-segment ∆An. This law should universally hold for every
person, irrespective of race, genetics, quality of environment and life, gender, because any
distinction is accounted for through the renormalization An = F (Ar).

Since the power law function diverges for δ → 0, it is customary to prescribe a normal-
ization criterion. Hence, we assume that a physiological pathology level δmin,∆t, observable
in ∆t, is always present in each nominal life-segment. It represents the physiological mini-
mal degradation due to aging of the human body: a person of nominal life An will develop
at least a pathology equal to An/∆An · δmin,∆t, otherwise it would be theoretically possible
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to live for ever. We can then write
∫ ∞

δmin,∆t

p∆An
(δ) dδ =

∫ ∞

δmin,∆t

C∆t δ
−α dδ = 1

⇒ C∆t =
α− 1

(δmin,∆t)−α+1
,

(3.2)

so that, for δ ≥ δmin,∆t, (3.1) becomes

p∆An
(δ) =

α− 1

δmin,∆t

(

δ

δmin,∆t

)−α

. (3.3)

The probability of developing a pathology more severe or equal to δ ≥ δmin,∆t in ∆An reads

P≥
∆An

(δ) =

∫ ∞

δ
p∆An

(δ)dδ =

(

δ

δmin,∆t

)1−α

, (3.4)

which can be rearranged in the form

P≥
∆An

(δ) =

(

δ

δmin,∆t

)1−α

= ∆An

(

δ

η

)1−α

, (3.5)

where

η =
δmin,∆t

(∆An)1/(α−1)
. (3.6)

Therefore the probability of developing a pathology less than δ is P<
∆An

(δ) = 1− P≥
∆An

(δ).

We treat the “development of a pathology in one nominal life-segment” as an event
independent of what happens in other segments. In the whole nominal life An, composed
of An/∆An nominal life-segments, a pathology ≥ δ does not develop if this is true in all the
segments. Hence, the probability P<

An
(δ) of finding a pathology less than δ in An coincides

with the product of the probabilities of having the same property in all the ∆An, i.e.,

P<
An

(δ) =

[

1−∆An

(

δ

η

)1−α
]An/∆An

. (3.7)

This expression can be simplified under the hypothesis that An/∆An ≪ 1. Taking the limit
as An/∆An → 0 and observing that limǫ→0[1 + a ǫ]1/ǫ = exp[a], one obtains

P<
An

(δ) = exp

[

−An

(

δ

η

)1−α
]

. (3.8)

Therefore, the probability P≥
An

(δ) = 1− P<
An

(δ) of finding in An a pathology ≥ δ results to
be that of (2.2).
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The epidemic is supposed homogenous in the considered region and is measured by one
parameter σ. This again is a simplification, but a more detailed characterization can be
obtained by considering σ as a function of space (different values in diverse locations).

The event “death” is determined according to a death criterion represented by a function
G(·, ·, ·): the event occurs when

G(δ, σ,An)−KIc = 0 . (3.9)

Likewise, the “safe” domain is defined by G(δ, σ,An)−KIc < 0. This is a general criterion,
where a dependence upon An takes into account that the epidemic can be, e.g., more
aggressive on elderly than on young people. Given An, the critical level of pathology δ,
beyond which death occurs, is associated with the level of epidemic σ through a function
δ = g(σ,An), implicitly defined by (3.9), such that

G (g(σ,An), σ,An)−KIc = 0 . (3.10)

It is reasonable to require that g(·, An) is monotone decreasing because, for any An, the
higher the level of epidemic, the lower the critical pathology. Moreover, one expects that
when σ → 0 it takes a pathology δ → ∞ to cause death, hence the further condition
limσ→0 g(σ,An) = +∞.

Because of these properties, the probability of death PD(An, σ) in the epidemic σ at
the nominal age An coincides with probability of developing a pathology ≥ δ = g(σ,An).
Substituting in (2.2), one obtains

PD(An, σ) = P≥
An

(g(σ,An))

= 1− exp

[

−An

(

η

g(σ,An)

)α−1
]

.
(3.11)

In the simplest case, dropping the dependence of δ = g(σ,An) upon An, one can consider
the power law of (2.3), which satisfies the required monotonicity and asymptotic properties.
Here, the parameter β represents our capability of curing the disease caused by the epidemic.

Therefore, (3.11) simplifies into

PD(An, σ) = 1− exp

[

−An

(

σ

η0

)m]

, (3.12)

which is a two-parameter Weibull distribution with shape parameter m and scale parameter
η0, independent of σ, given by

m = (α− 1)β , η0 = KIc/(Y η1/β) . (3.13)

In terms of real life Ar, the renormalization An = F (Ar) provides the expression of (2.4).
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There are affinities with the statistical micro-mechanically-motivated models describing
the population of macroscopic strengths of brittle materials. As pursued in [24], the starting
point is a statistical characterization à la Pareto of the size δ of microcracks in a specimen
[26]. Linear Elastic Fracture Mechanics (LEFM) [16] prescribes that cracks propagate when
Y σδ1/2−KIc = 0, where the first term is the Stress Intensity Factor (SIF), σ is the nominal
applied stress, Y = 2.24/

√
π for semicircular thumbnail cracks of radius δ and KIc the

critical SIF, characteristic of the material. This is why the expression of (2.3) is a “LEFM-
like” death criterion, even if the coefficient β differs from β = 2. In this analogy, the level of
the epidemic σ represents the applied stress and the nominal life An the size of the material
specimen [17].

(b) Analysis of mortality data in Italy

The theory enables the quantitative analysis of the Covid-19 epidemic experienced by in
Italy in March 2020. We analyze 16 regions, considered boxes with homogeneous mor-
tality, distributions of the population and of deaths by age. This assumption provides
a smeared view, within the same region, of the differences in genetic heritage, quality of
environment and life, efficiency of health system. No differentiations are made between
men and women, although a diverse mortality by gender has been recorded. We start by
evaluating the pre-epidemic condition, chosen to be March in the period 2015-2019. The
ISTAT has published the mortality data for many Italian municipalities, available online
at https://www.istat.it/it/archivio, sorted out by age on a daily basis. The considered
municipalities cover most of the population in each region, as indicated in Table 2.

Table 2: Percentage of the total regional population covered by the mortality data in the period
2015-2020 made available by ISTAT at https://www.istat.it/it/archivio.

Abruzzo Campania Emilia R. Friuli V.G. Lazio Liguria Lombardia Marche

84.48% 78.95% 93.37% 73.16% 80.38% 92.02% 72.42% 80.08%

Piemonte Puglia Sicilia Toscana Trentino A.A. Umbria Valle d’Aosta Veneto

93.77% 85.94% 72.75% 88.91% 92.87% 93.57% 92.73% 85.99%

For any two solar ages Ar,1 and Ar,2, (2.4) provides the scaling law

F (Ar,1)

F (Ar,2)
=

ln[1− PD(Ar,1, σ)]

ln[1− PD(Ar,2, σ)]
. (3.14)

We start by calibrating the renormalization law An = F (Ar) in (2.1) by fitting the ex-
perimental points in all 16 considered regions in pre-epidemic condition. Since An = Ar

for Ar ≤ 45 solar years, one can fix a point in this range (we fixed Ar,2 = 45 solar years)
and calculate the coefficients γ1 and γ2 by best fitting of the rescaling law of (3.14) with
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experimental points. The results for the 16 regions are summarized in Table 3. Notice that,
among the various regions, the difference between the values reached by the parameters γ1
and γ2 is small. The agreement is in general excellent, as demonstrated by the graphs for
Lombardia reported in Figure 4. In general, the step changes at 45 and 70 solar years of age
are confirmed in all the considered regions. We note that the probabilities of death associ-
ated with ages lower than 40 years are not optimally fitted by the theoretical curve, but this
is due to the fact that they are strongly sensitive to small variations in the number of dead
and that deaths at young ages often occur from non-epidemic causes (road accidents, drug,
homicides). In general, the probability of death in the range 0-10 years is always higher
than the theoretical prediction, but this is certainly influenced by the number of deaths
at birth, which represents a special category. In general, our model does not account for
deaths due to factors that are not associated with the natural degradation of the human
body and the consequent potential ability to develop a pathology.
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Figure 4: Region Lombardia in the pre-epidemic (σ = 1) condition of March (average of the years
2015-2019). Points represent the observed probability of death PD(Ar, σ) in the month, as a function
of real age Ar measured in number of solar years, while the curve indicates the theoretical prediction.
(a) Left-hand-side portion for 0 ≤ Ar ≤ 65 solar years; (b) right-hand-side portion for Ar ≥ 65 solar
years. The same correlation has been constructed for all the other considered regions, provinces and
for Milano city, by using the demographic statistics published by ISTAT (http://demo.istat.it/).

We here assume that the renormalization function (2.1) is not affected by the level
of epidemic σ, i.e., the function G in equation (3.9) is not dependent upon An, and
hence the parameters γ1 and γ2 are the same in pre-epidemic and epidemic conditions.
Observe that (2.5) represents a straight line y = x + c in the epidemic Weibull plane
y = ln ln{[1− PD(Ar, σ)]

−1} vs. x = ln[F (Ar)], with

c = m ln[σ]−m ln[η0] . (3.15)

Setting σ = 1 in pre-epidemic condition, equation (3.15) provides c = −m ln[η0]. From the
plot in the bi-logarithmic plane one finds the line y = x+ c that best fits with the measured
points, and graphically derive c = −m ln[η0] as the intercept on the y axis. The results for
Lombardia, plotted in Figure 1(a), show a very good agreement with the experimental points
and provide c|σ=1 = −m ln[η0] = −13.936. In epidemic conditions (March 2020), with the
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aforementioned graphical construction one finds again c of (3.15). The results for Lombardia

are shown in Figure 1, from which one finds c = m ln[σ]−m ln[η0] = −13.028. But recalling
that m, η0 and consequently m ln[η0] do not depend upon σ, one can use the value calculated
in pre-epidemic condition and hence determine m ln[σ] = −13.028 + 13.936 = 0.908. The
optimal fit of the model parameters to the experimental points shown in Figure 1(b) proves
that the renormalization found for pre-epidemic condition, i.e., the parameters γ1 and γ2,
is still valid for epidemic condition. The parameters that outcome from the graphical
procedure are summarized in Table 3.

Table 3: Pre-epidemic condition (average of March 2015-2019), with σ = 1, and epidemic condition
(March 2020), found by elaborating raw mortality data released by ISTAT in 16 Italian regions. Measured
probability of death PD(Ar,2, σ) at Ar,2 = 45 solar years of age and σ = 1. Parameters γ1 and γ2 of
the renormalization An = F (Ar), as per equation (2.1). Values for m ln[η0] and m ln[σ] derived from
interpolation of the measured points with the linear trend in the epidemic Weibull plane predicted by the
theory.

Abruzzo Campania Emilia R. Friuli V.G. Lazio Liguria Lombardia Marche

PD(45, 1) 6.1 · 10−5 7.0 · 10−5 5.2 · 10−5 5.9 · 10−5 5.4 · 10−5 5.1 · 10−5 4.0 · 10−5 5.4 · 10−5

γ1 1.89 1.95 1.92 1.87 1.95 1.98 2.02 1.90
γ2 2.95 3.00 3.00 2.95 3.02 3.02 3.10 3.00

m ln[η0] 13.525 13.397 13.675 13.525 13.631 13.725 13.936 13.673
m ln[σ] 0.067 -0.073 0.472 0.051 -0.149 0.250 0.908 0.364

Piemonte Puglia Sicilia Toscana Trentino A.A. Umbria Valle d’Aosta Veneto

PD(45, 1) 4.5 · 10−5 6.4 · 10−5 7.0 · 10−5 4.6 · 10−5 4.7 · 10−5 5.3 · 10−5 4.1 · 10−5 5.1 · 10−5

γ1 2.03 1.85 1.90 1.95 1.94 1.90 2.16 1.94
γ2 3.07 2.98 3.01 3.05 3.03 3.00 3.10 3.02

m ln[η0] 13.829 13.457 13.373 13.788 13.783 13.661 13.995 13.705
m ln[σ] 0.301 0.038 -0.087 0.096 0.392 -0.005 0.261 0.130

The “index of epidemic”, defined in (2.6), reads Ie = 100·ln[σ]/ ln[η0] and it is therefore a
measurable quantity. For the case of Lombardia, one obtains Ie = 100·0.908/13.936 = 6.515.
The procedure to determine this index is summarized in the flowchart of Figure 5. The
values of the index for the regions under investigation are shown in Figure 2(b) and recorded
in Table 1.

The values reached by Ie on basis of the raw number of dead are then compared with
the ones that can be calculated by assuming the number of dead in the epidemic period
as the sum of the number of dead in pre-epidemic conditions and the one officially at-
tributed to Covid-19 by Italian institutions. In this case the total population for each
region must be considered, since such data are associated with the whole region and not
with the single municipalities. However, the data about mortality made available by IS-
TAT at https://www.istat.it/it/archivio do not cover all the municipalities in the region,
as indicated in Table 2. Hence, in order to define the pre-epidemic conditions, the number
of deaths for each i−th age set is obtained by multiplying the percentage given by the mor-
tality tables referring to the whole solar year by the total number of dead in March, both
available at http://demo.istat.it. Here, pre-epidemic conditions refer to the average in the
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Figure 5: Schematic flowchart of the procedure used to calculate the index of epidemic. Mortality
data in epidemic (period in 2020) and pre-epidemic (comparable period in previous years) conditions,
sorted by age, are first elaborated to determine the renormalization An = F (Ar), where An and
Ar are the nominal and real ages, respectively. The best-fit interpolation in the plane ln ln{[1 −
PD(Ar, σ)]

−1} vs. ln[F (Ar)] of the measured points with the line predicted by the theory provides
the values m ln[σ] and m ln[η0] (pre-epidemic with σ = 1), whose ratio, multiplied by 100, represents
the index of epidemic Ie.

years 2015-2018 because the mortality tables for the year 2019 are not yet available. An
example of data of demographic structure and mortality furnished by ISTAT, with reference
to Lombardia in 2018, is shown in Figure 6. Notice from Figure 6(b) that the datum for
the age 0 − 9 is higher than for 10 − 19 and 20 − 29, presumably due to the deaths in the
first year of life.

For epidemic conditions, what is needed is the deaths from Covid-19 sorted out by
age for each region, but deaths attributed to Covid-19 furnished by the Italian National
Institute of Health (ISS) are sorted by age only at the national scale. Hence, we are forced
to assume that the total number of deaths is the sum of the mean value of the dead in
March 2015-2018 and those attributed to Covid-19, sorted out by age using the percentages
published for the whole nation, available online on https://www.epicentro.iss.it/ and shown
in Figure 7(a). The total number of dead in March and April 2020, sorted out by region,
are shown in Figure 7(b).

The resulting Ie in the 16 regions are represented in Figure 2(b) and compared with those
obtained by analyzing the raw mortality data, when available. The parameters obtained in
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Figure 6: Lombardia, solar year 2018. Percentages according to age of (a) the living population and
(b) the deceased people.

the calibration process are summarized in Table 4. Observe that the parameters γ1 and γ2
and the product m ln[η0] only slightly vary region by region. A moderate variation of such
parameters is observed for each region by passing from March to April since mortality is not
uniform during the solar year. The values of the index Ie for March 2020 obtained from raw
mortality data are much higher than those resulting from the analysis of the deaths officially
attributed to Covid-19 from national institutions, which are probably underestimated. By
comparing Figures 6(b) and 7(a), another inconsistency in the data published by ISS can
be noticed in the very low percentage of deaths for people older than 90: probably their
positivity to Covid-19 was not tested considering their age.

Passing to analyze the provinces indicated in Figure 3(a), their population has been ob-
tained by grouping the municipalities according to their location, considering the mortality
data week by week. The samples cover more than 70% of the provincial population, as indi-
cated in Table 5. The city of Milano, densely populated, has been considered independently
from the other municipalities in its province. For each considered week, the probability of
death sorted by age in pre-epidemic condition has been calculated with reference to the
average of the deaths occurred in the corresponding weeks in previous years. The number
of deaths per day, sorted out by age, are available at www.istat.it/it/archivio, while the
total population at the beginning of each month at www.demo.istat.it, together with its
categorization by age on a yearly basis. Since ISTAT provides the demographic structures
of the provinces only until the year 2019, we have assumed that, in the epidemic period,
population by age is the same as in the 2019, and the total population has been estimated
according to the demographic trend.

Following the same procedure used for the regions, one finds the results summarized in
Table 6 in pre-epidemic and epidemic conditions, respectively. Consistently with the results
of the regions, the coefficients γ1, γ2, and m ln[η0] only slightly varies during the weeks and
among the provinces. With respect to the region, there is a difference in the data analysis
in the fact that, in pre-epidemic condition, we have assumed that the probability of death
PD(Ar,2, σ = 1) at Ar,2 = 45 solar years of age is the same for all the provinces and equal



A statistical theory of the strength of epidemics 21

0-9 10-19 20-29 30-39 40-49 50-59 60-69 70-79 80-89 90+
0%

10%

20%

30%

40%

50%

(a)

A
br

uz
zo

C
am

pa
ni

a

E
m

ili
a 

R
.

F
riu

li 
V

.G
.

La
zi

o

Li
gu

ria

Lo
m

ba
rd

ia

M
ar

ch
e

P
ie

m
on

te

P
ug

lia

S
ic

ili
a

T
os

ca
na

T
re

nt
in

o 
A

.A
.

U
m

br
ia

V
al

le
 d

A
os

ta

V
en

et
o0

1000

2000

3000

4000

5000

6000

7000

8000
March 2020

April 2020

(b)

Figure 7: (a) Distribution by age of deaths attributed to Covid-19 in Italy, as published by the Ital-
ian National Institute of Health (ISS) on May 4th 2020 (https://www.epicentro.iss.it/coronavirus).
(b) Number of deaths attributed to Covid-19 in March and April 2020, sorted per region, as
provided by the Civil Protection Department of Italy on April 30th 2020, available online at
http://www.protezionecivile.gov.it/home.

to probability of death in the whole national territory corresponding to the age range 40-50
years in the third week of March in the period 2015-2019. The reason for this is that the
probabilities of death in the classes corresponding to the younger ages are strongly affected
by small deviations in mortality, especially if the number of inhabitants is small, as in a
province with respect to the regions. If we had considered as PD(Ar,2, σ = 1) the observed
value in the province, there would have been a significant uncertainty in the evaluations
of the index, especially for the less populated territories. The national datum appears
more reliable for what concerns the deaths for natural diseases, since it is less affected by
accidental deaths which, on the other hand, may determine a great variation in a small
territory.

The values of m ln[η0] and m ln[σ], reported in the same tables, have been graphically
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Table 4: Pre-epidemic condition (March and April average in 2015-2018 and σ = 1) and epidemic condition
(March and April 2020) found by summing up the average number of deaths in 2015-2018 with the number
attributed to Covid-19 by the Italian institutions in the considered regions. Measured probability of death
PD(Ar,2, σ) at Ar,2 = 45 solar years of age and σ = 1. Parameters γ1 and γ2 of the renormalizationAn = F (Ar)
as per equation (2.1). Values for m ln[η0] and m ln[σ] derived from interpolation of the measured points with
the linear trend predicted by the theory in the epidemic Weibull plane. Resulting index of epidemic Ie.

Abruzzo Campania Emilia R. Friuli V.G. Lazio Liguria Lombardia Marche

March 2020

PD(45, 1) 5.3 · 10−5 8.8 · 10−5 6.9 · 10−5 8.2 · 10−5 6.7 · 10−5 1.02 · 10−4 5.7 · 10−5 7.4 · 10−5

γ1 1.81 1.90 1.95 1.91 1.95 1.86 1.96 1.88
γ2 2.73 2.82 2.80 2.78 2.87 2.67 2.91 2.80

m ln[η0] 13.047 13.069 13.343 13.187 13.376 12.972 13.514 13.266
m ln[σ] 0.057 0.000 0.300 0.067 0.000 0.195 0.573 0.254

Ie 0.437 0.000 2.248 0.508 0.000 1.503 4.240 1.915

April 2020

PD(45, 1) 8.9 · 10−5 7.1 · 10−5 9.2 · 10−5 7.4 · 10−5 5.3 · 10−5 7.8 · 10−5 7.4 · 10−5 5.9 · 10−5

γ1 1.87 1.87 1.87 1.89 1.96 1.88 1.93 1.93
γ2 2.78 2.87 2.80 2.80 2.91 2.75 2.82 2.90

m ln[η0] 13.100 13.306 13.017 13.259 13.597 13.209 13.276 13.473
m ln[σ] 0.148 0.005 -0.003 0.046 0.232 0.024 0.345 0.081

Ie 1.130 0.038 -0.023 0.347 1.706 0.182 2.599 0.601

Piemonte Puglia Sicilia Toscana Trentino A.A. Umbria Valle d’Aosta Veneto

March 2020

PD(45, 1) 7.4 · 10−5 7.6 · 10−5 5.8 · 10−5 6.7 · 10−5 5.9 · 10−5 8.9 · 10−5 4.9 · 10−5 6.4 · 10−5

γ1 1.81 1.90 1.95 1.91 1.95 1.86 1.96 1.88
γ2 2.73 2.82 2.80 2.78 2.87 2.67 2.91 2.80

m ln[η0] 13.233 13.214 13.511 13.389 13.499 13.116 13.665 13.404
m ln[σ] 0.150 0.023 0.395 0.134 0.034 0.359 0.600 0.289

Ie 1.134 0.174 2.924 1.001 0.252 2.737 4.391 2.156

April 2020

PD(45, 1) 7.3 · 10−5 6.3 · 10−5 7.7 · 10−5 6.4 · 10−5 4.6 · 10−5 7.1 · 10−5 6.8 · 10−5 5.1 · 10−5

γ1 1.87 1.87 1.87 1.89 1.96 1.88 1.93 1.93
γ2 2.78 2.87 2.80 2.80 2.91 2.75 2.82 2.90

m ln[η0] 13.289 13.419 13.196 13.392 13.741 13.300 13.347 13.618
m ln[σ] 0.423 0.069 0.017 0.151 0.469 0.020 0.499 0.212

Ie 3.183 0.514 0.129 1.128 3.413 0.150 3.739 1.557

Table 5: Percentage of the total population of the provinces covered by the
mortality data in the period 2015-2020 published by ISTAT.

Bergamo Brescia Cremona Lodi Padova Parma Pesaro U. Piacenza

75.95% 76.46% 73.54% 89.44% 74.43% 95.80% 79.56% 81.55%

estimated and the resulting Ie is plotted against the time in Figure 3(b).
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Table 6: Pre-epidemic (average in March 2015-2019 and σ = 1) and epidemic condition (March
2020) in the Italian provinces under analysis and Milano city. Weekly variation from February
23rd to April 11st 2020, derived by elaborating data released by ISTAT. Assumed probability of
death PD(Ar,2, σ) = 6.67 · 10−6 at Ar,2 = 45 solar years. Renormalization parameters γ1 and γ2
as per equation (2.1). Graphically-estimated values of m ln[η0] and m ln[σ] as per equation (2.2).
Index of epidemic Ie.

Bergamo Brescia Cremona Lodi Milano Padova Parma Pesaro U. Piacenza
23-29/02

γ1 2.18 2.10 2.18 2.14 2.17 2.08 2.15 2.01 2.01
γ2 3.22 3.20 3.18 3.19 3.13 3.19 3.15 3.16 3.21

m ln[η0] 15.717 15.674 15.643 15.760 15.780 15.771 15.714 15.672 15.725
m ln[σ] 0.068 0.025 0.143 0.597 -0.241 0.007 -0.202 0.244 0.379

Ie 0.436 0.159 0.914 3.788 -1.527 0.044 -1.285 1.557 2.411
1-7/03

γ1 2.22 2.15 2.25 2.15 2.18 2.18 2.15 2.15 2.29
γ2 3.25 3.23 3.20 3.21 3.10 3.23 3.17 3.12 3.12

m ln[η0] 15.692 15.732 15.710 15.745 15.681 15.791 15.583 15.538 15.787
m ln[σ] 0.725 0.207 0.672 1.069 -0.145 -0.200 0.227 0.010 0.418

Ie 4.620 1.316 4.277 6.789 -0.925 -1.267 1.458 0.0644 2.648
8-14/03

γ1 2.18 2.15 2.15 2.25 2.13 2.17 2.19 2.11 2.18
γ2 3.24 3.20 3.27 3.24 3.12 3.21 3.15 3.20 3.17

m ln[η0] 15.67 15.684 15.814 15.696 15.684 15.761 15.735 15.644 15.721
m ln[σ] 1.695 0.987 1.414 1.497 0.285 -0.130 1.034 0.406 1.321

Ie 10.817 6.290 8.941 9.537 1.817 -0.825 6.571 2.595 8.403
15-21/03

γ1 2.18 2.12 2.18 2.30 2.16 2.22 2.18 2.04 1.99
γ2 3.23 3.22 3.23 3.20 3.10 3.18 3.17 3.16 3.20

m ln[η0] 15.694 15.660 15.673 15.787 15.733 15.710 15.741 15.649 15.579
m ln[σ] 2.022 1.396 1.581 1.806 0.473 0.150 1.431 0.912 1.248

Ie 12.884 8.914 10.087 11.440 3.064 0.955 9.091 5.828 8.011
22-28/03

γ1 2.18 2.20 2.30 2.17 2.25 2.20 2.27 2.00 2.27
γ2 3.22 3.18 3.18 3.18 3.10 3.17 3.12 3.20 3.10

m ln[η0] 15.730 15.810 15.830 15.799 15.879 15.698 15.734 15.771 15.730
m ln[σ] 2.139 1.549 1.767 1.619 0.719 -0.027 1.203 1.134 1.284

Ie 13.598 9.798 11.162 10.247 4.523 -0.172 7.646 7.190 8.163
29/03-4/04

γ1 2.12 2.20 2.18 2.35 2.22 2.12 2.15 2.10 2.10
γ2 3.20 3.15 3.18 3.12 3.12 3.12 3.14 3.18 3.14

m ln[η0] 15.731 15.816 15.720 15.993 15.831 15.662 15.733 15.666 15.759
m ln[σ] 1.648 1.356 1.578 1.143 0.615 0.169 1.005 0.927 1.095

Ie 10.476 8.574 10.038 7.147 3.885 1.079 6.388 5.917 6.948
4-11/04

γ1 2.22 2.25 2.28 2.25 2.14 2.17 2.10 2.00 2.25
γ2 3.15 3.19 3.20 3.22 3.12 3.18 3.13 3.15 3.16

m ln[η0] 15.763 15.794 15.881 15.818 15.700 15.716 15.671 15.773 15.758
m ln[σ] 1.11 0.818 1.072 0.503 0.219 0.014 0.611 0.685 0.620

Ie 7.042 5.179 6.750 3.180 1.395 0.089 3.899 4.343 3.945

4 Conclusions

We have proposed a multi-scale statistical theory addressed towards the definition of an
index of epidemic to quantify its strength with respect to potential lethality. Basic assump-
tions of the theory are the renormalization of human age to determine the attitutude of
individuals to develop severe pathology and the introduction of variables representative of
the levels of pathology and of epidemic, which are correlated through a death criterion that
takes into account also our capacity to treat the desease. The model is calibrated with
reference to the Covid-19 epidemic in Italy, through the processing and the consequent
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comparison of raw mortality data, irrespective of the cause of death, sorted by age in epi-
demic and pre-epidemic conditions. The theory is inspired by principles that are proper of
the probabilistic mechanics of materials. It can well interpret the Italian statistical data of
mortality, for various periods of observation and extension of the territory under analysis,
thus allowing to follow the diffusion of the infection. The proposed index of epidemic, taking
into account the demographic structure of the population, weights the number of deaths
according to an age-based risk; therefore, it seems more reliable than other commonly used
indicators which, considering only the excess mortality rates, are unable to make any kind
of distinction in the deaths from accidental causes.

In order to evaluate more in detail the capacity of the health system, the proposed
theory could also be extended and calibrated according to the number of people needing
Intensive Care Units, instead of the number of dead. Moreover, the variables used in the
theory could also be considered continuous functions of time and location, to model the
kinetics of the epidemic and predict the number of dead and sick, as well as the expected
effect of adopted, or adoptable, remedies, such as quarantine, lockdown, medical treatments
and vaccines. To this respect our theory, through the definition of a reliable index of
epidemic, may complement well-established mathematical models in epidemiology, among
which the SIR model and its derivations are certainly the most used. A comprehensive
multidisciplinary approach will be of paramount importance for the management of the
epidemic, in particular to make decisions about when, where and to what extent to loosen
restrictive countermeasures, especially the lockdown which, if prolonged beyond necessity,
may cause irreparable damage to the economy of a country.
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